Abstract-The joint optimization problem of high-order error feedback and realization for state-space digital filters to minimize the effects of roundoff noise at the filter output subject to l2-scaling constraints is investigated. The problem is converted into an unconstrained optimization problem by using linear-algebraic techniques. The unconstrained optimization problem at hand is then solved iteratively by applying an efficient quasi-Newton algorithm with closed-form formulas for key gradient evaluation.
INTRODUCTION
The problem of reducing the effects of roundoff noise at the filter output is of critical importance in the implementation of IIR digital filters in fixed-point arithmetic. Error feedback (EF) is found useful for the reduction of finite-word-length (FWL) effects in IIR digital filters, and many EF techniques have been reported in the past [1]- [10] . Alternatively, the roundoff noise can also be reduced by introducing a delta operator to IIR digital filters [11]- [13] , or by applying a new structure based on the concept of polynomial operators for digital filter implementation [14] . Another useful approach is to construct the state-space filter structures for the roundoff noise gain to be minimized by applying a linear transformation to state space coordinates subject to l2-scaling constraints [15] - [18] . As a natural extension of the aforementioned methods, efforts have been made to develop new methods that combine EF and state-space realization, for achieving better performance [19] [20]. Separately-optimized analytical algorithms have been proposed for state-space digital filters [19] . Jointly-optimized iterative algorithms have also been considered for filters with a general or scalar EF matrix [19] . In [20] , a jointly-optimized iterative algorithm has been developed for state-space digital filters with a general, diagonal, or scalar EF matrix using a quasi-Newton method.
This paper investigates the problem of jointly optimizing high-order EF and realization for state-space digital filters to minimize the roundoff noise subject to l2-scaling con straints. An iterative technique which relies on an efficient quasi-Newton algorithm [21] is developed. To this end, the constrained optimization problem encountered is converted into an unconstrained optimization problem by using linear algebraic techniques. The proposed technique is applied to the cases where the high-order EF has diagonal or scalar matrices. A numerical example is presented to illustrate the proposed algorithm and demonstrate its performance.
PROBLEM STATEMENT
Consider a stable, controllable and observable digital filter (A, b, c, d)n described by state-space
where a;(k) is an n x 1 state-variable vector, u(k) is a scalar input, y( k) is a scalar output, and A, b, c and d are real constant matrices of appropriate dimensions. By taking the quantizations performed before matrix-vector multiplication into account, an finite-word-Iength implemen tation of (1) with error feedforward and high-order EF can be obtained as where the sign bit is not counted. It is assumed that the roundoff error e(k) can be modeled as a zero-mean noise process with covariance (7 2 In. Subtracting (2) from (1) yields
where I:!. a;(k) = a;(k) -x(k) and I:
By taking the z-transform on both sides of (3) and setting 1:!. a;(0) = 0, we have
+c-h 978-1-61284-857-0/11/$26.00 @2011 IEEE where �Y(z) and E(z) represent the z-transforms of �y(k) and e(k), respectively. He(z) in (4) is written as
where Ai = 0 for i < O. Next, we define the normalized noise gain Je 1 (h, D) = a;utla 2 with D = [Db D2,··· ,DNJ as
where W 0 is the observability Gramian of the filter in (1) that can be obtained by solving the Lyapunov equation It should be noted that the 12-scaling constraints on the state variable vector x(k) involve the controllability Gramian Kc of the filter in (1) which can be computed by solving the Lyapunov equation
A different yet equivalent state-space description of (1), (A, b, c, d )n, can be obtained via a coordinate transformation
Accordingly, the controllability and observability Gramians for (A,b,c,d)n become -T Wo=T WoT (12) respectively. The 12-scaling constraints are imposed on the state-variable vector �(k) so that
The problem being considered is to design the high-order EF diagonal matrices Db D2, ... ,D N as well as the optimal coordinate transformation matrix T that jointly minimize Je2(T,D) = tr [ ATWoA -2t,Wo�Di + t,t,WoA I HI Di D;] (14) subject to 12-scaling constraints in (13) where the error feed forward vector h is assumed to be chosen as h = c.
JOINT OPTIMIZATION OF HIGH·ORDER ERROR FEEDBACK AND REALIZATION
To deal with (13), we define A
The 12-scaling constraints in (13) can then be written as
These constraints are always satisfied iCr -1 assumes the form A -1
Substituting (15) into (14), we obtain 
A=T Kc2AKJT , b=T Kc2b
From the foregoing arguments, the problem of obtaining matrices T and D 1 , D2,··· ,DN that jointly minimize (14) subject to the 12-scaling constraints in (13) Here, \l J (x) is the gradient of J (x) with respect to x, and Sk is a positive-definite approximation of the inverse Hessian matrix of J(Xk). This iteration process continues until (20) where € > 0 is a prescribed tolerance.
In what follows, we derive closed-form expressions of \lJ(x) for the cases where D1,D2,··· ,DN assume the form of diagonal or scalar matrices.
Case 1: Dp = diag{dp1, dp2,··· , dpn } for p = 1,2,··· , N In this case, it follows that i,j = l,2,··· ,n The controllability and observability Gramians K c and W 0 of the above filter were computed from (10) and (8) The quasi-Newton algorithm was applied to minimize (18) with tolerance € = 10 -8 in ( The other results regarding the noise gain J(7', D) in (18) were summarized in Table I where "Infinite Precision" shows the value of J(7', D) derived from the optimal 7' and D, and "3-Bit Quantization" means that of J(7', D) where only each entry of the optimal matrix D = [D 1 , D2J was rounded to a power-of-two representation with 3 bits after the binary point. The results reported above have clearly demonstrated that the use of high-order (i.e. N > 1) EF, when jointly optimized with state-space realization, can improve the performance of roundoff noise reduction in a significant manner.
CONCLUSION
The joint optimization problem of high-order EF and real ization to minimize the effects of roundoff noise of state space digital filters subject to l2-scaling constraints has been investigated. It has been shown that the problem at hand can be converted into an unconstrained optimization problem by using linear algebraic techniques. Closed-form formulas for fast evaluation of the gradient of the objective function have been derived. An efficient quasi-Newton algorithm has been employed to solve the unconstrained optimization problem.
The proposed technique has been applied to the cases where the high-order EF has diagonal or scalar matrices. A numerical example has demonstrated the effectiveness of the proposed technique.
